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ABSTRACT Formation of anisotropic membranes by thermal inversion is simulated by a model developed 
here. Structured membranes are formed when a polymer/solvent film is thermally coagulated from one face 
while the opposite face is thermally insulated. Both kinetics and thermodynamics of liquid-liquid phase 
separation are included in the analysis. Only noncrystalline polymers are considered, and the composition 
of the starting polymer solution is close to the critical or 8 composition of the polymer/solvent system. Hence, 
spinodal decomposition is taken as the mechanism of phase separation. For a given point in the membrane 
cross section, the degree of phase separation is characterized by the deviation of the fluctuating concentration 
profile from the concentration of the starting polymer solution. The use of the Flory-Huggins model for solution 
thermodynamics and Cahn-Hilliard theory for spinodal decomposition leads to a one-dimensional fourth-order 
nonlinear partial differential equation that describes the phase-separation behavior induced by thermal inversion. 
Periodic boundary conditions are employed as well as infinitesimal sinusoidal perturbations for the initial 
condition. The  solution scheme includes local linearization (from a previous time step) through Fourier 
transformation, followed by the application of the Euler method to solve the resulting set of ordinary differential 
equations for the frequency components of the concentration. With this mathematical model, a reasonable 
membrane pore size profile consistent with experimental observations is obtained. 

Introduction 
Broens et al.' classified structure formation in polymer 

membranes into three mechanisms: (a) liquid-liquid phase 
separation; (b) gelation; and (c) crystallization. Liquid- 
liquid phase separation involves either nucleation and 
growth2 or spinodal decomp~sition.~ Gelation involves the 
formation of microcrystalline regions much smaller than 
the nuclei. This generally takes place a t  high polymer 
concentrations. A t  lower polymer concentrations 
(10%-20%), crystallites of sizes not much smaller than the 
size of the nuclei are formed. This latter type of crys- 
tallization results in the formation of lamellar or spher- 
ullitic domains. 

In this work, we will only study noncrystalline systems. 
Thus, only liquid-liquid phase-separation processes will 
be considered for membrane formation. Both thermody- 
namics and kinetics govern this process. For the ther- 
modynamic part of the analysis, any of a number of models 
such as Flory-Huggins theory>5 Flory-Prigogine theory,@ 
or even the more sophisticated thermodynamic theories 
of Pattersonlo and Prausnitz11-13 can be adopted. Since 
we are only concerned about qualitative explanations for 
the formation of pore structures in polymer membranes, 
Flory-Huggins theory was chosen and later proven ade- 
quate for our purposes. However, for quantitative pre- 
dictions, it may be more appropriate to use one of the other 
thermodynamic theories. 

The experimental work described in part 1 of this series 
of papers indicates that thermal casting produces open- 
pore anisotropic membranes with starting compositions 
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in the semidilute region. Such region is close to the critical 
composition of a binary phase diagram, where the size of 
the metastable region is small. This means that we need 
to only focus on spinodal decomposition rather than nu- 
cleation and growth as the process for phase separation.'*J5 
To model spinodal decomposition, the phenomenological 
theory formulated by Cahn and HilliardlG will be used 
rather than other approaches involving st~chasticl ' -~~ and 
molecular d y n a m i ~ a l ~ ~ p ~ ~  formulations. Such an approach 
is theoretically and computationally more tractable, con- 
sidering the existence of a variety of thermodynamic and 
transport models for polymer systems. The free-volume 

for the mass-transport aspect of the analysis 
will be used in conjunction with Cahn and Hilliard's theory 
for the system free energy. To solve the numerical problem 
posed by this phase-separation analysis, we will adopt a 
one-dimensional version of the approach developed by de 
F ~ n t a i n e ~ ~  for spinodal decomposition in metal alloys. 
Although the method involves certain assumptions on the 
constitutive relations of polymeric systems, it will be shown 
later that the results are qualitatively correct and useful 
for making further predictions on the effects of other 
thermodynamic and kinetic parameters on the morphology 
of thermally cast membranes. In addition, the entire 
model can be easily extended to multicomponent systems 
and to higher dimensional cases. 
Model Strategy 

Before embarking on detailed modeling, we will first give 
a brief review of the thermal casting procedure. Thermal 
casting (Figure 1) induces the formation of pore structures 
in a polymer membrane by the removal of heat instead of 
by using a nonsolvent as the coagulating agent. The sim- 
plest starting material here is a binary polymer solution 
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/ \ 
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Figure 1. Schematic diagram of the formation of the structured 
polymer membranes through the thermal casting process. Heat 
is removed through the thin conducting surface, whereby phase 
separation is initiated, while the backside temperature is protected 
by the insulating substrate. 

(polymer/solvent). The solution is first sandwiched be- 
tween a thermal insulator and a thin thermal conductor 
(such as a thin metal sheet) and then heated to a tem- 
perature where the solution is homogeneous. Cooling is 
then suddenly applied to the thermal conductor side to 
initiate phase separation of the polymer solution. This 
temperature drop propagates from the cold face while 
phase separation proceeds throughout the system. When 
the whole membrane is phase-separated, the structure is 
frozen and the solvent is leached out from the phase-sep- 
arated material. The result is a membrane that may or 
may not have varying pore size distribution along its cross 
section, depending on the exact casting conditions and the 
starting solution compositions. 

To model the coagulation step (Figure 2), we divide the 
system into a number of thin sheets. In each of these 
layers, an average temperature is assumed, which changes 
as a function of time. Within a certain time interval, this 
temperature will again be averaged in time. This approach 
allows discretization of a continuous problem. Since our 
phase separation model is only one-dimensional, we also 
assume that the calculated concentration profiles are 
randomly oriented within the material layers; Le., within 
each layer the material is isotropic. At a particular time 
after the start of the casting process, different concen- 
tration profiles are established in each of the material 
slices. The coagulation process is essentially completed 
when none of the concentration profiles change noticeably 
in time. Final pore size a t  a given material slice in the 
membrane is obtained from the smallest distance between 
polymer domains. Larger domain distances correspond 
to cells that are accessible only through surrounding pores. 
In open structures, pores occupy areas of contact amongst 
cells. 

Model Development 
Thermodynamic Equations for Phase Equilibria. 

Tompa30 described the procedures to determine phase 
relationships for a polymer/solvent system. The polymer 
in the analysis is represented by a segment of the chain 
with the same molecular weight as the solvent. We will 
neglect the volume change upon mixing. For a binary 
system, equilibrium concentrations of coexisting phases 
(superscripts ’ and ”) must obey the following relationship 

111‘ = PI” (1) 

where 111 is the chemical potential of component i (1, 
solvent; 2, polymer segment). The loci of the compositions 

C X ’ 7 )  

t x  
X ’ O  

Figure 2. Model strategy for the prediction of pore size dis- 
tribution for thermal-cast polymer membranes. At a given time 
interval, a small region along the thickness of the membrane is 
at a certain average temperature. Within this time interval and 
at the given temperature, equations for linear and nonlinear 
spinodal decomposition were solved to give the periodic con- 
centration profile depicted in the enlarged view of a randomly 
oriented microscopic domain in the thin section. 

of the phases in equilibrium (polymer-rich and solvent-rich 
phases) at  different temperatures constitute the binodal 
curve. The spinodal curve can be obtained from 

det(ap,/axj) = 0 (2) 

where dp,/dx, is the partial derivative of the chemical 
potential of component i with respect to the segment 
fraction of component j .  For a binary system, mass balance 
(or equivalently, segment balance) gives 

X I  + x2 = 1 (3) 
We will use the polymer-segment fraction as our concen- 
tration variable, knowing that the solvent-segment fraction 
can be obtained from eq 3. We will also use c rather than 
x 2  to denote the segment fraction of polymer. Note that 
c is numerically equal to the weight fraction, mass fraction, 
mole fraction, and volume fraction of the polymer. In our 
formulations, we will liberally use c for any of these 
quantities. 

Local Morphology Development. When the solution 
is suddenly brought to a concentration and temperature 
inside the spinodal curve, it will not be stable to any 
fluctuations however small in amplitude (Figure 3). The 
solution undergoes a spontaneous transformation called 
spinodal decomp~sition,~ where the new phases are formed 
by a continuous flux of like molecules (segments) against 
the direction of concentration gradient (uphill diffusion). 
In contrast, regions between the binodal and spinodal 
curves are stable to small-amplitude fluctuations in con- 
centration, but unstable to concentration fluctuations 
(called nuclei) having local compositions close to the op- 
posite side of the binodal curve.31 In this kind of phase 
transformation, called nucleation and growth, the nuclei 
continuously grow in size (at the expense of the outlying 
regions) through ordinary downhill diffusion, i.e., mass 
transport of phase-separating component along the di- 
rection of concentration gradient. Growth of structure by 
the spinodal decomposition and nucleation and growth 
mechanisms is illustrated in Figure 4. We note in this 
figure that in nucleation and growth the size of the new 
phase increases while the internal concentrations remain 
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Figure 3. Regions of stability and instability in a binary poly- 
mer/solvent phase diagram. Outside the binodal curve the system 
is homogeneous. Inside the spinodal curve the system phase 
separates spontaneously into two distinct phases. In the meta- 
stable region phase separation occurs only upon the application 
of a finite concentration perturbation called nuclei. 

Nucleotion and Growth Spinodal Decomposition 

n 
Early 
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flux, J, of polymer segments to the chemical potential 
difference between the polymer segment and solvent: 

(5 )  
We may obtain gz - pl by minimizing the free-energy in- 
tegral in eq 4 with respect to c, subject to the constraint 

J = -M(c)V(P~ - PJ 

SV(c - c,) d r  = 0 

Distance 

Figure 4. Schematic diagrams showing the evolution of local 
morphologies for two phase-separation mechanisms. 

constant, whereas in growth from spinodal decomposition 
the size of the new phase stays roughly the same while its 
concentration deviation from the bulk average increases. 
At later stages of spinodal decomposition, the domains of 
the new phase increase in size by agglomeration. This 
ageing process, often referred to as coarsening, minimizes 
the surface area per unit volume of the domains of the new 
phase.32 

According to Cahn,16 the free energy (Helmholtz or 
Gibbs free energy) of a phase-separated system depends 
not only on the concentration but also on the concentration 
gradient. This leads to an expression for a phenomeno- 
logical, coarse-grained free energy, G(c), given by 

where d r  corresponds to an infinitesimal volume, f(c) is 
the local Gibbs free energy of mixing per unit volume, and 
K ,  the so-called gradient eaergy coefficient, is assumed to 
be approximately composition-independent. This second 
term in the integrand accommodates contributions of the 
diffuse interphase between domains to the total free energy 
of a heterogeneous system. 

To implement the chosen phenomenological theory of 
d i f f u s i ~ n , ~ ~  we define a concentration- and temperature- 
dependent mobility, M(c), as the ratio of the diffusional 

a condition that leaves the average composition, co, in- 
variant over the whole system. Thus 

(7) 

To complete the derivation of the so-called diffusion 
equation for spinodal decompo~ition,2~ a differential mass 
balance of polymer segments within an infinitesimal con- 
trol volume is invoked. Here, we will only consider dif- 
fusional contributions to the flux of material, as the system 
is stagnant. Thus 

a q a t  = -V.J (8) 

P 2  - cll = af/ac - 2 K v 2 C  

Substituting eq 5 and 7 into eq 8 gives 

For spinodal decomposition, we can apply a small-am- 
plitude sinusoidal (or combinations of) perturbation in c 
as the initial condition. In fact, any concentration per- 
turbation can be used as the initial condition. For the 
boundary conditions, the most appropriate is a periodic 
one, which means that in a certain spatial direction (a) the 
segment fraction of polymer is the same on both sides of 
the integration domain and (b) the amount of material 
entering one side of the integration domain is exactly 
compensated by that leaving the other side. 

For the early stages of spinodal decomposition, eq 9 can 
be linearized along the average composition of the binary 
system: 

The quantities Mo and (d2f/ac2), are evaluated at the av- 
erage composition of the system, cg. This linearized 
problem has a closed-form solution33 
c-ccg= 

C exp[r(K)t][A(K) cos (K-r) + B(K) sin (K-r)] (11) 

where r(K), the amplification factor or growth rate, is given 
by 

r(K) = -[Mo(azf/ac2)o(K.K) + 2kfo~(K-K)2] (12) 

where K is the wave vector associated with the fluctuations 
and A and B are constants to be determined from the 
existing composition fluctuation in the undecomposed 
system. Because Mo is always positive, (a2f/dc2)o governs 
the sign of the growth rate. Positive values yield negative 
values of r(K), causing all instabilities to decay rapidly. 
If the amplification factor, r(K), is positive, the structure 
grows at an accelerated rate. Equation 12 allows the 
calculation of the resonant wavelength, A,, of the most 
rapidly growing peak in the frequency spectrum during 
spinodal decomposition.33 This is done by differentiating 
r(K) with respect to K and equating the derivative to zero. 
For a one-dimensional case 

K 
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Equations 10-13 complete the linear stability analysis, 
which explains the formation of structures in thermal-cast 
membranes nicely. However, the equations are only valid 
in the early stages of growth. When the system is well into 
the growth stage, structure formation can only be ade- 
quately gleaned by solving the nonlinear diffusion equation 
teq 9) .  

Global Temperature Profile. The time-dependent 
temperature profile can be obtained from Fourier’s law of 
heat conduction: 

aT/at = f f T ~ 2 ~  (14)  

The initial uniform temperature, To, corresponds to a 
condition in which the binary system is homogeneous, 
while the final temperature, Tp,  lies in the region where 
the system phase separates. The boundary conditions are 
(a) at z = 0 and T = T p  and (b) a t  z = L and a T / d z  = 0. 
For a constant thermal diffusivity, aT, this problem has 
the following closed-form solution:34 
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COS [ ( 2 n +  l ) r ( L  - 2)/2L] 115) 

A constant thermal diffusivity is assumed for the deter- 
mination of the global temperature profile. Specifically, 
we use the value for PMMA at  30 “C. This assumption 
is reasonable, in view of the close similarity of the solvent 
and polymer segment in heat conduction abilities. In 
addition, phase separation is assumed to entail negligible 
enthalpy changes. Hence, propagation of the temperature 
perturbation imposed on the cooling face is decoupled from 
the phase-separation kinetics. Equation 15, which applies 
to the problem of heat transfer into a finite, inert slab, is 
therefore justified. 

Constitutive Relations. To simulate realistic poly- 
mer/solvent systems, accurate means to estimate the 
thermodynamic and mass-transport constitutive relations 
will be needed eventually. As a starting point, we aim for 
qualitative predictions of the formation of anisotropic 
structures from thermal-cast membranes. Once confirmed 
of their general validity, we can experimentally determine 
the optimal parameters for these constitutive relations to 
achieve quantitative predictions. 

In our thermodynamic analysis, we use the Flory- 
Huggins theory4 for the Gibbs free energy of mixing 

AGrn c - -  - - log c + ( 1  - c )  log (1 - c )  + c ( l  - RT m 
where m is the number of segments in a polymer chain and 
the Flory-Huggins interaction parameter is given by x = 
(a  + @)IT ( a  and @ are concentration and temperature 
independent). The parameter a accounts for the entropic 
contribution to x, while 0 is proportional to the excess 
interaction energy between the polymer segment and 
solvent molecule. From eq 1 and 16, the governing rela- 
tionship for the binodal curve becomes 

log (1 - c’) + [ I  - ( l / m ) ] c ’  + X C ’ ~  = 
log ( 1  - c”) + [ I  - ( I / m ) ] c ” +  X C ” ~  

C’ 

m 
(1 - c’) + x ( 1  - c y  = 

C I’ 

m 
- log (c”) - ( 1  - ; ) (1  - C ’ j )  + x ( l  - c”)* (17) 

Equations 2 and 16 give the final relationship for the 
spinodal curve: 

2x = 0 
1 1 - + - -  

mc 1 - c  
Note that if the sum of the terms on the left-hand side of 
eq 18 does not vanish, it corresponds to the thermody- 
namic diffusion coefficient. 

Vrentas and D ~ d a ~ ~ , ~ ~  and Huston, Cahn, and Hilliard35 
used the following mobility (or mobility factor), M ( c ) ,  
relationship 

c ( l  - c )  
RT M ( c )  = -[Dl*C + D2*(1 - c ) ]  (19)  

where Dz* and D1* are the self-diffusivities of the polymer 
segment and solvent molecule, respectively. Adopting the 
free-volume theory of Vrentas and D ~ d a , ~ ~ - ~ ~  we have for 
D1* and D2* 
D1* = Dol* X 

Dz* = Do2* X 

y [ ( l - c )  Q1;*+cQ,*~, , /~ , z I  / E  
(1-C)Kii (K21+ T-TG~)+CKI~(KZ~+T-TG*) - 

Here, Dol* is the front factor for Dl* ; Do2*, the front factor 
for D2*, depends on the molecular weight of the polymer 
and the ratio of the number of segments (with entangle- 
ment effects) to the number of freely orienting segments; 
E is the ratio of the critical molar volume of the solvent 
jumping unit to_ the critical molar volume of the polymer 
jumping unit; V1* is the specific critical hole free volume 
of the solvent required for a jump; M,, is the molecular 
weight of the jumping unit of component i; Kll and K12 
are free-volume parameters for the solvent; KZ1 and K22 
are free-volume parameters for the polymer; y, an overlap 
factor for free volume, is introduced because the same free 
volume is shared by more than one molecule; and, TG, is 
the glass-transition temperature of component i. All these 
parameters are assumed to be independent of concentra- 
tion and temperature. Finally, the mutual diffusion 
coefficient is given by the product of the mobility and the 
thermodynamic diffusion coefficient. 

For the gradient energy parameter, K ,  Debye’s thermo- 
dynamic theory of nonhomogeneous solutions36 yields 

K RTx12 /6  ( 2 2 )  

where 1 is the range of molecular interactions between the 
polymer and solvent. A typical range of 50-300 A is often 
cited.14 In our analysis, we assign a value of 300 A for 1 
and consider it to be independent of temperature and 
composition. 

Numerical Solution of the Nonlinear Diffusion 
Equation 

Solution of the nonlinear diffusion equation for struc- 
tural growth from spinodal decomposition is difficult even 
in one dimension. To solve this problem in real space, a 
domain length should be chosen in such a way as to en- 
compass several peaks in the concentration profile. The 
reason is that the periodic boundary condition imposed 
is quite unnatural; peaks close to the edges are affected 
by edge effects. Hence, a minimum number of peaks must 
be covered to remove numerical artifacts. With this 
minimum number of peaks, many grid points are needed 
for the PDE problem. This is compounded by the stiffness 
problem encountered especially during the accelerated 



Macromolecules, Vol. 18, No. 12, 1985 Mathematical Modeling of Membrane Structure Formation 2549 

growth stage of phase separation. We find it necessary to 
be able to move grid points to regions where large changes 
in the concentration gradient occur. With the PDE 
problem that has a fourth-order spatial derivative, errors 
can be quickly magnified, creating immense stability 
problems for the entire numerical scheme. Satisfactory 
solution procedure has yet to emerge. Even if a feasible 
numerical scheme for the direct solution of this PDE 
problem is found, it will probably incur massive amounts 
of digital computing time. We will thus adopt a numerical 
approach similar to that used by de F ~ n t a i n e ~ ~  in the 
solution of an analogous PDE problem for spinodal de- 
composition in metal alloys. Specifically, the PDE is solved 
in the Fourier or reciprocal space. The dependent variable 
becomes a set of frequency components (or amplitudes) 
for the polymer segment fraction, and the independent 
variable becomes a set of wavenumbers (or frequencies). 
This approach reduces the PDE problem to the solution 
of a set of ODES for a finite number of frequency com- 
ponents. Time-dependent polymer segment fraction 
profiles are subsequently constructed via inverse Fourier 
transformation. 

The above solution scheme requires much less com- 
puting time than any possible real-space solution. In fact, 
the problem can now be solved even in three dimensions, 
although with much more computing time than a solution 
in one dimension. Even though this method directly yields 
frequency spectra, such a result is as useful as concen- 
tration profiles because we are only interested in inter- 
domain distances. The only disadvantage of this method 
is that it requires fmite-ordered polynomial approximations 
for the concentration-dependent mutual diffusivity and 
mobility, thus restricting the choices of material and 
transport property relations. As shown by de F0ntaine,2~ 
this restriction is not crucial for metal alloys because 
parabolic curves are adequate for the mutual diffusivity 
and mobility of these systems. For polymer solutions, we 
have to take these quantities up to the third order, as they 
are known to be strong functions of concentration and 
temperature.s28 In the following discussion, we will sketch 
the essentials of this numerical scheme. 

We start by redefining the dependent variable as 

u = c - c o  (23) 

This definition is made only for convenience. Equation 
9 is still to be solved in its entirety, only this time we 
replace c by u. To convert the integration domain to the 
reciprocal space, we multiply eq 9 by (1/V) exp(-i&r) d r  
and integrate over the domain V 

l V - [ M ( u ) V @ ]  exp(-i@.r) d r  (24) v v  
where 

= a f / a u  - 2Kv2U (25) 

A first application of Greens Theorem to the right-hand 
side of eq 24 (see Appendix A) yields 

1 V. [M(u)V@]  exp(-iBr) d r  = v v  
- ? S M ( u ) V @  exp(-iB.r) d r  (26) 

The surface integral vanishes because of the periodic 
boundary conditions. For the left-hand side of eq 24, we 
use Leibnitz Rule (see Appendix B) to obtain 

v v  

u exp(-i@-r) d r  (27) 
dt v i$ exp(-i&r) d r  = 

Again, the surface integral vanishes because of the periodic 
boundary conditions. The mobility, M(u) ,  and mutual 
diffusivity, D(u) ,  are given by the cubic approximations 

M(u)  = Mo + M,u + M2u2 + M3u3 

D(u)  = Do + Dlu  + D2u2 + D3u3 (28) 

where Mi and Di are temperature-dependent quantities. 
Substituting D and M (eq 28) into eq 24 and applying the 
Greens Theorem and Leibnitz Rule (eq 26 and 27, re- 
spectively), we obtain 

V d t  1 v u exp(-i&r) d r  = 

(Do + Dlu + Dzu2 + D3u3)Vu exp(-i@.r) d r  - v v  ””ss (Mo + M1u + M2u2 + M3u3)V3u exp(-i@.r) d r  

(29) 
v v  

In order to use the Fourier transform method which tol- 
erates only linear terms, we must, at this stage, use a lin- 
earization process that is somewhat arbitrary. This is done 
in the following manner. Let us assume that a t  some time 
to a solution uo = u(r,to) is known (the initial condition, 
for example). Within a short time interval At, we may 
write uo for u in the expression for D and M in eq 29. Next, 
in order to eliminate the space dependence of the terms 
for D and M ,  we expand the known solution uo in a Fourier 
series 

uo3(r) = CCcco~~co~f~coK~n exp[i(@’ + 8” + @”’).r] 
k! KttKt,, 

(32) 
where the Co’s are complex amplitudes corresponding to 
the Fourier transforms of uo. Equations 30-32 are then 
back-substituted into eq 29, and the Greens Theorem is 
employed the required number of times to reduce the 
derivative terms in u. This procedure is carried out with 
the constraint of vanishing surface integrals due to the 
periodic boundary conditions. After grouping terms, we 
obtain the final expression 

where all summations are from --m and -m. Note that this 
formulation is still in three dimensions because the K’s 
represent an ordered triplet of wavenumber indexes. 

We can now reduce the problem to a one-dimensional 
case by the substitution 

K - k  (34a) 
If 2X denotes the length of the domain, a Fourier compo- 
nent of wave index k corresponds to a wavenumber 

r - x  
( k = - m  , ..., -2, -1, 0, +1, +2, ..., +a) 
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and a wavelength 
X k  = 2 7 / k  (35) 

For convenience, we define 

a k i  = - P k ( D i  + 2 K M i p k 2 )  (36) 

In actual computation, it is advantageous to use only 
positive integers for l z ,  up to as large a value as time 
permits. From the definition of the Fourier transforms, 
negative indexes are eliminated by 

C - k  = c k *  CO = 0 + io (37) 

with the asterisk denoting the complex conjugate. With 
these conditions, we obtain an Euler-type algorithm for 
the solution of the frequency components, ck, of wave- 
lengths, h k ,  as functions of the wave index, k ,  

C k  = c o k  + 
&Pk[(CYko + a k 2 c o  + c Y k 3 c o )  - ( a k 1 C 0 2 k  + a k 2 c Z k  + 

a k 3 c 2 k ) C o k *  + 5 [((Uh'c'k-h + a h 2 c k - h  + a h 3 e k - h ) C o * k  - 
h=O 

In eq 39 and 40, j must range from 1 to 3n to ensure that 
all relevant terms in the summations are included. 

Equations 38-40 enable us to compute explicitly the n 
unknown amplitudes c k  a t  time t = to + At as functions 
of the known C o k  at time t,,. This operation may be re- 
peated to step up in time. At any stage, the concentration 
profile may be easily constructed by the inverse Fourier 
transform 

n 

k = l  
U ( X , t )  = 2 ( A b  COS P k X -  B k  Sin P k X )  (41) 

where 
C k  = A k  + i B k  (42) 

Equations 38-42 lead to a useful parameter, p ,  the 
percent completion, defined by 

p = 100(c7/ao) (43) 

(44) 
c1 and c2 being the equilibrium compositions. Also, from 
Parseval's relationzg and eq 41 

where 
0 0  = (co - C d C 2  - co) 

n 

k = l  
Uz = 2 (Ah2 + B k 2 )  (45) 

To ascertain convergence of the above numerical scheme, 
different time steps are taken until there is negligible 
change in the results. Also, we use a frequency range that 
includes subharmonic peaks with nonvanishing frequency 
components. Many frequency points are used to outline 

5 5  tp X = -66137 t ~ 
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Figure 5. Binary phase diagram obtained from the Flory- 
Huggins theory with a concentration-independent X-parameter. 
Functional dependence of the X-parameter is shown in the inset. 
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Figure 6. Dependence of the mobility factor on temperature and 
concentration calculated by using the free-volume parameters 
listed in Table I. 

secondary peaks in the frequency range of the main har- 
monics. With this approach, stability has been more 
readily achieved than with any direct procedures in the 
real space. This is probably due to fact that the Fourier 
transform technique, which makes use of repeated inte- 
grations, is more stable than methods that use repeated 
differentiations (such as finite difference, finite element, 
and collocation methods).B In spite of the approximations 
employed for the constitutive relations, this method is 
capable of revealing qualitative features of phase-separa- 
tion behaviors, such as spinodal decomposition, growth 
from nucleation, and even phase coarsening. 

Results and Discussion 
In order to discuss our simulation results systematically, 

we first pick a reference case. This corresponds to thermal 
inversion of a 0.1 polymer segment fraction solution, ini- 
tially at 80 O C ,  and suddenly brought down to 30 "C at the 
cold face. The experimental binodal composition data 
reported in part 1 of this series of publications can be 
sufficiently fitted with the Flory-Huggins theory that has 
a concentration-independent X-parameter given by -6.6137 
+ 2320.49/T(K). Figure 5 shows the calculated binodal 
and spinodal curves for this X-relation using eq 17 and 18. 
Note that the critical point, C, is at 51 "C and at a polymer 
segment fraction of 0.045. 

The mobility factor as functions of composition an< 
temperature (Figure 6) is obtained with the local mass- 
transport parameters listed in Table I. The mobility 
increases with temperature, since the free volume increases 
as well. At a given temperature, the mobility exhibits a 
relative maximum with composition, whose location de- 
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Figure 7. Dependence of the thermodynamic factor on tem- 
perature and concentration calculated by using the Flory-Huggins 
theory with the X-parameter function shown in Figure 5. 

Table I 
Transport Parameters for the Model System 

Dol* = 1 x cmz/s KZ2/TGZ = 0.2116 
Kz,/TGl =-0.2667 Doz* = 1 5 cm2/s 
KiiTci/YVi* = 4 KlZTGZ/YVl* = 4 
M,l/M,2 = 1 6 = 0.5 

pends on the relative values of the self-diffusivities of the 
polymer segment and solvent molecule. Since our chosen 
set of transport parameters (Table I) assumes that the 
self-diffisuvities for the polymer segment are generally 
greater than those for the solvent molecule, maxima in our 
mobility vs. concentration curves are located a t  polymer 
segment fractions less than 0.5. (See also eq 19.) Note that 
the mobility vanishes for the pure components. This does 
not necessarily cause any problem for the mutual diffusion 
coefficient, as the thermodynamic factor (Figure 7) goes 
to infinity for the pure components. The thermodynamic 
factor is negative for concentrations inside the spinodal 
curve. When its value is 0, the corresponding concentra- 
tion coincides with that of the spinodal. Note also that 
the absolute magnitude of the thermodynamic factor de- 
creases with increasing temperature. The product of the 
mobility factor in Figure 6 and the thermodynamic factor 
in Figure 7 gives the mutual diffusivity as functions of 
temperature and concentration (Figure 8). For concen- 
trations inside the spinodal, the diffusivity follows the same 
trend as that for the thermodynamic factor; i.e., it is 
negative, with its absolute magnitude decreasing with in- 
creasing temperature. For concentrations outside the 
spinodal, the diffusivity follows the same trend as that for 
the mobility; i.e., it is positive, with its absolute magnitude 
increasing with temperature. Such complex behavior has 
a strong influence on the predicted morphology, as will be 
discussed below. 

Cubic polynomial approximations of the mobility and 
mutual diffusivity are derived by imposing the following 
conditions for mobility, M: (1) Ma(c = 0) = M(c = 0) = 
0; (2) ( c * ) ~  = c*; (3) Ma(c*) = M(c*); and (4) Ma(c**) = 0. 
Superscript a denotes the approximate values. The 
quantity, c*, is the value of c where M is a maximum, and 
c** is the value of c where Ma exhibits a relative minimum 
(Ma(c), a cubic approximation of M(c), has a relative 
maximum and minimum with c). Conditions 1 and 4 en- 
sure that the approximate mobility function never assumes 
a negative value, while conditions 2 and 3 match the 
maximum point, which often falls within the confines of 
the unstable region. For the mutual diffusivity, D, (1) (cJa 
= cl; (2) Da(ct) = D(ct); (3) (cttIa = ctt; and (4) Da(c”) = 
D(c”) = 0. Again, superscript a denotes the approximate 
values, ct is the value of c where D is a relative minimum, 
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Figure 8. Dependence of the mutual diffusivity on temperature 
and concentration as obtained from the thermodynamic and 
transport parameters used in Figures 5-7. 
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Figure 9. Fitted values of the cubic coefficients for the mobility 
factor as functions of temperature. 

ctt is the value of c where D is a relative maximum (for 
homogeneous polymer solutions, i.e., for concentrations 
outside the binodal curve, D(c) usually has a relative 
maximum), c1 is the solvent-rich binodal composition, and 
c”  is the polymer-rich spinodal composition. Conditions 
1 and 4 ensure a certain degree of thermodynamic con- 
sistency in the approximate mobility and mutual diffu- 
sivity functions. Although condition 3 does not assure us 
of the same binodal compositions for the true and ap- 
proximate functions, we will show later that it helps to 
enforce condition 4. Lastly, condition 2 is employed to 
achieve more or less the same minimum value for the 
mutual diffusivity inside the spinodal region. With these 
assumptions, we satisfactorily approximate the true 
functions for the mobility and diffusivity inside the spi- 
nodal region. In addition, the approximate functions 
predict the exact solvent-rich binodal compositions. 
However, the predicted polymer-rich binodal compositions 
are closer to, if not exactly coincident with, the spinodal 
compositions. The calculated temperature-dependent 
cubic coefficients for Ma(c) and Da(c) are shown in Figures 
9 and 10. Figures 11 and 12 compare the cubic approx- 
imations for the mobility and diffusivity with those cal- 
culated from the free-volume theory. Note that a t  this 
temperature the approximate functions fit the true func- 
tions well for compositions inside the spinodal. Since the 
cubic approximations for the mutual diffusivity cross the 
abscissa in three locations, the application of condition 4 
for the mutual diffusivity ensures that the approximate 
diffusivity does not cross the abscissa inside the spinodal 
region. 

Figures 13-17 show the evolution of structure in a sys- 
tem after a sudden drop in temperature. Here, the system 
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Figure 11. Comparison of mobilities calculated by the free- 
volume theory and its cubic approximation. At 40 "C, the range 
of polymer segment fraction of interest is 0-0.37, where the two 
curves are close to each other. 
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Figure 12. Comparison of mutual diffusivities obtained from 
the free-volume theory and its cubic approximation. At 40 "C, 
the range of polymer segment fraction of interest is 0 4 . 3 7 ,  where 
the two curves are close to each other. 

is initially homogeneous at a temperature above the spi- 
nodal temperature. The system temperature is then ab- 
ruptly reduced to 30 OC where phase separation occurs. 
In our experimental system, this case is typical for the 
portion of the polymer solution that is adjacent to  the 
cooling medium. Thus, the calculated final periodicity of 
about 0.18 bm can be taken as the pore size of that layer 
in the membrane. This value is remarkably close to the 
periodicity of 0.16 fim obtained from linear spinodal de- 
composition theory (eq 13). In all the cases we have thus 
far investigated, the final pore size is a little bigger than 
what is predicted from the linear theory. The pattern for 
the deviation, as typically shown in Figure 13, is a gradual 
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Figure 14. Polymer segment profiles as functions of time during 
the evolution of structure for the system described in Figure 13. 
Dashed lines are binodal compositions obtained from the cubic 
approximations. Only the left half of the profiles are plotted to 
clearly show domain profiles as well as periodicities. 

shift of the main peak to the low-frequency end of the 
spectrum. From Figure 14, however, this deviation is in- 
significant. Thus, linear spinodal decomposition theory 
can adequately predict final pore sizes for structural growth 
from a step drop in temperature. Figure 15 reveals three 
stages in the evolution of structure for a phase-separated 
system. A t  the start of phase separation, the system ad- 
justs from its initial composition perturbation. Pertur- 
bations at frequencies other than resonance dissipate in 
favor of a periodicity consistent with linear spinodal de- 
composition theory. Growth of structure in this induction 
period (which extends to about 10% completion) is very 
slow compared to that in the next stage. In the second 
stage of growth, the structure evolves a t  an accelerated 
rate. The percent completion vs. time curve is very steep, 
and movement in the concentration profiles is apparently 
in the vertical direction. After this growth stage, the 
structure continues to evolve at  a much slower rate. This 
ripening stage includes the coarsening process which in- 
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Figure 15. Extent of phase separation for the system described 
in Figure 13 showing three regions of structure evolution: in- 
duction, accelerated growth, and ripening or phase-coarsening 
stages. 
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Figure 16. Frequency spectrum for the system described in 
Figure 13 in its coarsening stage. Here, the main peak is preserved 
along with some outgrowth in the low-frequency end. 

volves the dissolution of some of the phase domains and 
the growth in size of others.29 As shown in Figure 16, 
coarsening preserves the main peak that was formed in the 
growth stage. The dissolution of some of the polymer 
domains (Figure 17) is reflected by the outgrowth of low- 
frequency components in Figure 16. 

To  determine the effects of the continuous lowering of 
temperature during spinodal decomposition in membranes, 
we solve the diffusion equation a t  40 O C ,  and then at 
certain points in its structure evolution (at about 0.6% and 
8.7% completion) the system temperature is again lowered 
to  30 "C. The same final pore size of 0.25 pm (as the 
system that is coagulated at  40 OC all the way) is obtained 
for the latter case. For the former case, we obtained a final 
pore size of 0.22 pm. This series of simulation work in- 
dicates that once the structure is about 5% complete the 
periodicity no longer changes, even if the system tem- 
perature is reduced. However, if the system temperature 
continues to drop while the phase-separation process is still 
in its infancy, the final pore size can be easily altered. For 
other cases, this critical percent-completion value may be 
higher. The same average concentration value a t  5% 
completion for 40 "C is equivalent to a higher percent- 
completion value a t  a higher temperature because no (eq 
44) decreases with increasing temperature. Thus, the cut- 
off number of 40% completion proposed by de F ~ n t a i n e ~ ~  
may be quite reasonable. For the determination of pore 
sizes of membrane filters and separators, the evolution of 
low-frequency structures during the coarsening stage is not 
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Figure 17. Comparison of polymer segment profiles for the 
system described in Figure 13 at the end of the growth stage and 
at the beginning of the coarsening stage. During coarsening 
(bottom plot), continued growth of some of the polymer domains 
is accomplished through the dissolution of the others. Again, the 
dashed lines correspond to binodal compositions obtained from 
cubic approximations for the mobility and diffusivity. 
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Figure 18. Frequency spectra at the end of the growth stages 
(at around 80% completion) for systems with different thermal 
histories. For the left and center peaks, the system temperature 
is first dropped to 40 O C  and later to  30 "C. After the first 
temperature drop, the system is allowed to achieve percent- 
completion values of 8.7 and 0.6. The temperature is then lowered 
to 30 O C .  For the former case, frequency locking occurs; i.e., the 
same spectrum (left peak in the figure) was finally obtained as 
that for a system that is maintained at 40 O C .  For the latter case, 
the middle spectrum was obtained. The right spectrum was 
obtained for a single temperature drop to 30 "C. 

very significant because their open-pore structures corre- 
spond to honeycombed cells that are bounded by smaller 
open pores. Thus, any computation beyong 40% com- 
pletion would be a waste of time and effort. Figure 18 
summarizes the above discussion by three curves, corre- 
sponding to a straight drop to 30 "C and a case where the 
sample is first lowered to 40 O C  then to 30 O C .  

The above numerical procedure and parameter values 
are applied to simulate the formation of a 300-pm ther- 
mal-cast membrane. The diffusion equation is solved at  
six locations along the thickness of the membrane ( z  = 0, 
4, 10, 75, 200, and 300 bm). Temperature histories of 
material at these locations are obtained from eq 15. Figure 
19 gives the predicted pore size profile for the thermal-cast 
membrane. Here, the pore size adjacent to the cooling 
medium is about 0.18 pm, while the pore size adjacent to 
the thermal insulator is about 1.33 pm. This resulting pore 
size distribution is a clear manifestation of the possibility 
of obtaining anisotropic membranes from the thermal 
coagulation of binary solutions. In addition, this modeling 
work can be used to explain effects of casting conditions 
in the pore distribution of product membranes. Finally, 
certain conclusions that are applicable to the formation 
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Figure 19. Pore size distribution for a 300-ym thermal-cast 
membrane. The pore size at the cold side is about 0.18 ym, while 
the pore size at the thermal insulator side is about 1.2 ym. Solid 
curve joins circled computer simulation data points. 

of phase-inversion membranes can be derived from this 
work. 

The existence of an accelerated growth stage in structure 
formation and the adequacy of linear spinodal decompo- 
sition theory in pore size predictions can greatly simplify 
the analysis of pore size distribution for the formation of 
thermally cast membranes. In a given slice of material in 
the polymer membrane, the temperature is continuously 
dropping. However, due to the very brief acceleration 
period, structural growth for a particular slice of material 
virtually occurs a t  only one temperature. In this mem- 
brane problem where the temperature in a given material 
slice is continuously dropping, we observed that the in- 
duction period before the growth stage is approximately 
the same as that for the case where the material slice is 
subjected to a single temperature drop (at the growth 
temperature). Therefore, the analysis of the membrane- 
formation process reduces to the determination of induc- 
tion periods for different quenching temperatures. Figure 
20 shows that the induction period increases with tem- 
perature. I t  takes more time for structure to develop a t  
a higher quenching temperature because the initiation 
period is longer. Note that with linear spinodal decom- 
position (eq 13), Flory-Huggins (eq 16), and Debye (eq 22) 
theories, we derive that the pore size for sudden temper- 
ature drops increases with increasing coagulation tem- 
perature. Thus, larger pores can be obtained if the ma- 
terial is given enough time to phase separate a t  a tem- 
perature close to the spinodal temperature. Smaller pores 
can be obtained with less amount of phase-separation time 
at  lower temperatures. 

Conclusion 
Formation of anisotropic structures in thermal-cast 

polymer membranes can therefore be explained through 
spinodal decomposition. We have also shown that coar- 
sening preserves the relevant polymer-domain periodicities 
established in the growth stage of spinodal decomposition. 
Even though our numerical approach involves certain 
approximations in the constitutive relations, we think that 
our results are qualitatively correct and adequate for its 
future applications to other phase-separating systems. 
These other systems include ternary polymer solutions, 
polymer blocks and blends, and nonpolymeric phase-sep- 
arated systems. 

In our analysis of linear and nonlinear spinodal decom- 
position theories, we concluded that for our model case the 
linear theory can adequately predict relevant pore sizes 
of thermal-cast membranes. Changes in domain per- 
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Figure 20. Percent-completion curves for single step drops in 
temperature. The induction period for 30 "C is less than that 
for 40 "C. Coarsening starts at higher percent-completion values 
at 40 "C than at 30 "C. This is due to the higher value of uo, the 
average equilibrium polymer segment fraction deviation at 30 "C. 

iodicities during the growth stage are negligible, and only 
low-frequency components of the pore size evolution 
spectrum are affected by coarsening. The cutoff pore size 
which corresponds to the peak with highest frequency is 
therefore roughly the same as what was predicted from the 
linear theory. From the solution of the nonlinear theory 
for a step drop in temperature (from a value where the 
system is homogeneous to that where it phase separates), 
we observed that the growth period is relatively short 
compared with induction and coarsening times. In addi- 
tion, we found that the induction period increases with the 
phase-separation temperature. Finally, we obtained an 
anisotropic pore size distribution for a thermal-cast mem- 
brane with a detailed simulation of the formation process. 
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Appendixes 
A. Greens Theorem. The volume integral 

sv+V(MVO) d r  

can be transformed into another volume integral plus a 
surface integral by applying the Greens Theorem:29 

s v + V ( M v 8 )  d r  = 

- svVS(Mv+)  d r  + S M + ( 8 8 / a n )  S dS  (All  

In the last integral, a0lan denotes the partial derivative 
of 0 along the outward normal to the surface S which 
bounds the volume V. If the functions 0 and + obey the 
periodic boundary conditions, the surface integral vanishes. 
In our case 

+ = exp(-i@r) (A21 

8 = u or af/au - 2Kv2U (A3) 

Thus, with the following periodic boundary conditions 

80(s) /an = -80(-s) /an (A41 

and 

0(s) = 0(-s) 
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(s being the value of r on the surface S )  the surface integral 
in eq A1 vanishes. 

B. Leibnitz Rule. The quantity 

Sv(du/dt) exp(-ij3.r) d r  

can be transformed into 
d -1. exp(-iP.r) d r  -Suva S exp(-i@r) d S  d t  v 

by the application of the Leibnitz r ~ l e . 3 ~  In the second 
integral, V, denotes the normal velocity of the surface. 
With the above-mentioned periodic boundary conditions 
(eq A4), the surface integral vanishes. 
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Preliminary Study of the Kinetics of Phase Separation in High 
Molecular Weight Poly(methy1 
methacrylate) /Solution-Chlorinated Polyethylene Blends 
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Department of Chemical Engineering and Chemical Technology, Imperial College of Science 
and Technology, London SW7 2BY, England. Received February 13, 1985 

ABSTRACT: Preliminary results of a study of the kinetics of spinodal decomposition in a high molecular 
weight blend of poly(methy1 methacrylate) with solution-chlorinated polyethylene using small-angle light, 
X-ray, and neutron scattering are reported. The data are compared with the theoretical predictions of Cahn, 
Hfiard, and van Aartaen. The phase separation occurs initally on a scale much smaller than previously observed 
for polymeric systems. 

Introduction 
Despite an ever increasing interest in the thermody- 

namics of polymer miscibility, there have been compara- 
tively few studies of the kinetics of phase separation in 
polymer mixtures. 

Several theories exist (Pincus,l de Gennes? Binder3) that 
describe the process of phase separation in high molecular 
weight polymer blends where the molecular weights of the 
components are above their entanglement values. These 
theories, although differing in their approaches, predict 
the wavelength of the dominant concentration fluctuation 
(A,) to be of the same order of magnitude as the radius 
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of gyration (R,) of the polymer for deep quenches. In 
contrast van A a r t ~ e n , ~  using Cahn-Hilliardb7 and Flory- 
hug gin^*.^ theory, predicts that this wavelength will be 
much larger than R, and lie in the micron range. A, is 
defined by van Aartsen as 

-112 

A, = 2.1[ 3( 6 - I ) ]  

where 1 is the Debyelo range of molecular interaction and 
T, and Tare the temperature of the spinodal and sample, 
respectively. This equation differs from the one given by 
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